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1. The Main Idea of the L-shaped Method

We consider the two-stage stochastic linear program with finitely scenarios:

K
min "z + > ppQu()
k=1

subject to

where, for each scenario k,

Qe(a) = min Ty,

subject to
Wy = hy — Ty, yr > 0.

The purpose of the L-shaped method is to avoid solving the full extensive form directly. Instead, we exploit the
block structure of the second-stage problems and build a master problem only in the first-stage variable x together
with cuts generated from the scenario subproblems. This is the standard decomposition idea behind the L-shaped
method.

Guiding idea. The extensive form contains one copy of the recourse system for each scenario. The L-shaped
method projects the problem onto the first-stage space and recovers the second-stage effect through cuts.

Next, we project the original problem into a more compact form.
If for each x we solve the scenario subproblem and denote an optimal solution by g (), then the original problem

can be viewed in compact form as
K

min ¢"z + > peai U(x)
k=1
subject to
Az < b, x > 0.

Equivalently, the only nonlinear-looking part is the recourse value function Qy(z). Thus the entire method
reduces to understanding how to describe Q. () by linear inequalities in the first-stage space.
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This projection viewpoint is exactly why the L-shaped method feels natural in stochastic programming: the

first-stage variable x is the linking variable, while each scenario contributes one recourse function Q. ().

2. Dual of the Scenario Subproblem

For a fixed scenario k, the primal recourse problem is

(Pu(a)  min qfy,

subject to
Wy, = hy — Ty, yr > 0.
Its dual is
(Dpk($)) Il’/l\aX (hk — Tkx)T)\k
subject to

WA, < g
If (DPy(z)) has a finite optimal solution A (z), then by strong duality,
Qi(2) = qi g(x) = (hy, — )" M (2).
The crucial observation is that the feasible region of the dual subproblem,
Dy = { [ WA < i},

depends only on the problem data and does not depend on x. This is the key structural step: after dualization, the
dependence on x appears only in the objective, not in the constraints.

Why is this so important? Once the feasible set of the dual is fixed, we can study its extreme points and
extreme rays once and for all. Then changing x only changes which extreme point becomes optimal, or
whether some extreme ray makes the dual unbounded.

3. Decomposition the dual variables by Extreme Points and Extreme Rays

Since Dy, = {\x | WP\, < g1} is a polyhedron, every feasible \; can be represented as a convex combination
of extreme points plus a conic combination of extreme rays.
Let
0 1
{m,:4=1,...,my}

be the extreme points of Dy, and let
{of:0=1,...,m2}

be the extreme rays of Dy.
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Then any feasible A\; can be written as

my, mj
A\ = 4 A
k=) oum,+ > Boy,
=1 =1

with

Substituting this into the dual objective yields

mg, mj,
max Z ag(hk — kaL‘)Tﬂ'ﬁ + Z ﬂg(hk - Tk.T)TO'Il;
/=1 =1
subject to
my,
Za€_17 OZ(>0, 5Z>0
/=1

4. Two Possible Situations in the Dual Subproblem

From the representation above, two cases may occur.

4.1 Case A: The Dual is Unbounded —> feasible cuts

Suppose there exists an extreme ray o}, such that
(hk — Tk.’E)TO'ﬁ > 0.

Then by increasing the corresponding coefficient 3, the dual objective goes to +o0c. Hence (D Py (x)) is unbounded.
By duality, this means the primal subproblem (P (x)) is infeasible.
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Therefore, if we want the primal subproblem to be feasible, we must impose
(hy — Tpx)lop, <0 We=1,...,m}.

This can be rewritten as
(o) Ti > (o) " .

These are the feasibility cuts. They exclude first-stage decisions x for which the kth recourse problem is infea-
sible.

An extreme ray does not give an optimal value. Instead, it detects infeasibility of the primal recourse problem.

This is why rays generate feasibility cuts rather than value approximations.

4.1.1 Violation Reformulation for Feasibility Cuts
Recall that at iteration v, for scenario k, feasibility is checked through the auxiliary problem
min v’ = e"ut +eTu”
subject to
Wy + Iut — Iu~ = hy, — Tpa",
y>0, ut>0, u >0,

where e = (1,...,1)%.
If the optimal value satisfies w’ > 0, then the recourse subproblem is infeasible, and a feasibility cut must be
generated. The dual of the auxiliary problem is

max (hy — Tpz") oy,
Ok
subject to
Wha, < 0, —e <o, <e.

If the optimal value of (Vj,(x")) is positive, then there exists a direction o}, that violates recourse feasibility, and
therefore the primal recourse problem is infeasible.
The box constraints
—e<op<e

play the role of a normalization. They cut the recession cone by a bounded set, so instead of returning an arbitrarily
scaled ray, the LP returns a normalized representative of that ray.
4.2 Case B: The Dual is Bounded and Has a Finite Optimum —> optimality cuts

Now suppose
(hy — Thx)Top, <0 Ve=1,...,m3.

Then no extreme ray can improve the objective indefinitely, so the dual is bounded above.
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In that case, the optimum is attained at an extreme point of Dy. Hence there exists some ¢* such that
Qk(l‘) = (h;c - Tkﬂf)Tﬂ'i .

To describe the optimal value of the recourse problem inside the master problem, we introduce a variable 6,
intended to represent Q. (x)).
Since for any extreme point 7rj, we must have

9k2<hk—Tkl‘)Tﬂ'£, Ezl,...,mi,

we obtain the optimality cuts.
Equivalently,
O + (7)) Ty > (7)) by, (=1,...,mj.

Why the Optimal Extreme Point Changes When = Changes A useful geometric interpretation is the following.
The dual feasible region Dy, is fixed. As x changes, only the objective vector

hk — TkZE
changes. Therefore, the maximizing point in

max (hk — Tk.’,C)T)\k
AL EDy

moves from one extreme point to another.

max = (hk — Tkxl)Tﬂ'i

b 7r3/ max(hk — TkXQ)TT('z
Nk

So the recourse value function is not linear globally, but piecewise linear: different regions of the first-stage
space correspond to different active extreme points.

This is exactly why a cutting-plane method works: every time we solve the subproblem at a current iterate, we
reveal one more supporting hyperplane of the true recourse function.
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5. Master Problem Induced by the Cuts

Putting together the first-stage constraints, the feasibility cuts, and the optimality cuts, we obtain the master

problem
K
min ¢’z + Zpkék
k=1
subject to
Ax =b, x>0,
together with
Feasibility cuts
(o) Thx > (o1) hiy,  k=1,...,K, £=1,...,mj,
and

Optimality cuts
O > (hy — Thx) T, k=1,....,K, (=1,...,m}.

In principle, this description is exact. In practice, however, one does not enumerate all extreme points and
extreme rays in advance. Instead, the L-shaped method generates only those cuts that are violated at the current trial
point.

6. Single-Cut Interpretation

In many presentations of the L-shaped method, one aggregates the scenario optimality information into a single
variable

K
O ~ ZPka(ﬂf)~
k=1

If for the current iterate  we obtain dual optimal extreme points 7}/ for each scenario, then we can write the aggre-

gated optimality cut as
K K

O + Zpk(ﬂ'Z)TkaU > ZPk(WZ)Thk~

k=1 k=1
This is the classical single-cut version described in the lecture notes: the expected recourse function is approxi-
mated by one supporting hyperplane per iteration.

The multi-cut version keeps separate variables 6, and adds one optimality cut per scenario. The single-cut

version aggregates them into one variable © and one cut per iteration.

7. L-shaped Method Code & Examples

This section records two standard examples for feasibility cuts and optimality cuts, together with the implemen-
tation reference used in practice.
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7.1 Feasibility Cut

We first consider the following two-stage stochastic program:

min 3z + 2z5 — E¢(15y; + 12y5)

subject to
3y1 + 2y2 < 2,
2y1 + 5y < X2,
0.8& < y1 < &,
0.862 < ya < &,
z,y >0 a.s.
where

4, p=0.5, 4, p=20.5,
1= &=
6, p=20.5, 8, p=0.5.
This example is a standard illustration of feasibility cut generation: when a trial first-stage decision makes the

recourse problem infeasible for some scenario, an auxiliary feasibility problem is solved and a cut is generated to
eliminate the current infeasible point.

Reference example: Example 4.2, p. 192, Introduction to Stochastic Programming.

7.2 Optimality Cut

We next consider the following problem for illustrating optimality cuts:
z = min 100z, + 15022 + E¢(q1y1 + qavo)

subject to
T + 1o < 120,

6y1 + 10y < 60z,
8y1 + dy2 < 80z,
Y1 < dy, Yo < dg,
x1 > 40, x2 2> 20, y1,y2 = 0.

The random vector is
gT = (dh d27 q1, QZ)a

with
p=04: (500,100, —24, —28),

p=06: (300,300, —28, —32).

This example shows the role of optimality cuts: once the recourse problem is feasible, the dual optimal multipliers
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define a supporting hyperplane of the expected recourse function, which is then added to the master problem.

Reference example: Example 1, p. 184, Introduction to Stochastic Programming.
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