Notes on Graph Laplacian, Fourier Transform, and Spectral

Filtering
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1 Graph Laplacian

Let a graph be G = (V, E) with |V| = N. A graph signal is a function

f: V=R, f

= (f(1)7f(2)?7f(N)>T

1.1 Adjacency, Degree and Laplacian

Let W be the adjacency matrix:

Wij:{

wl]>0? (Z7J)€E7
0, otherwise.

ENEENEEN|



Degree matrix:
D =diag(dy, ..., dy),  di=Y Wi

J
The combinatorial graph Laplacian:

L=D-W
1.2 Nodewise interpretation
The i-th entry of Lf is

N
(LA)E) = > Wi (f() = £()-
j=1

Hence:
- If f(4) is very different from its neighbors {f(j)}, then (Lf)(i) becomes large. - If f is locally smooth
around node ¢, then (Lf)(7) ~ 0.
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graph signal f : )V — R

1 -1 0 0 0 0 0 O f(1) (1) T 1 -1 0 0 0 0 0 O F(1)
13 -1 0 0 -1 0 0 12 12 13 -1 0 0 -1 0 0 12
0 -1 4 -1 0 -1 -1 0 1(3) 13) 0 -1 4 -1 0 -1 -1 0 1(3)
00 -1 2 -1 0 0 0 (4 1(4) 00 -1 2 -1 0 0 0 f(4)
0 0 0 -1 2 -1 0 0 1(5) 1(5) 0 0 0 -1 2 -1 0 0 1(5)
0 -1 -1 0 -1 4 -1 0 1(6) 1(6) 0 -1 -1 0 -1 4 -1 0 1(6)
0 0 -1 0 0 -1 3 -1||f 10 00 -1 0 0 -1 3 —1]|f(7n
00 0 0 0 0 -1 1 £(8) 1(8) 00 0 0 0 0 -1 1 1(8)
N 1 N
N . . T o . N\ 2
LEG) =Y Wi (£() — £(7)) fTLf =5 Y Wi (F60) = £(3)
Jj=1 1,j=1

a measure of “smoothness”

1.3 Global smoothness measure

A common global smoothness functional is

N
FTLF= 3 3 Wylf6) — £G))
ij=1
Thus:

- fTLf is small <= f varies slowly over edges. - fTLf large <= signal has many “jumps” across
edges.



1.4 Spectral decomposition of L
Since L is symmetric and positive semidefinite, it has an orthonormal set of eigenvectors
L=XAXT,

where:
- X = [Xo X1 «-- XN—l] with XTX = I, -A= diag(/\o,. . .,)\N_l), with

0=X <A <o < Ay

Eigenvectors play the role of “graph Fourier modes.”
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e L has a complete set of orthonormal eigenvectors: L = xAx”

| B 01— X{—
L= Xo XN_1 .
| Lo ]l — XL —
X A x"

o Eigenvalues are usually sorted increasingly: 0 = A\g < A1 < ... < An_1

2 Graph Fourier Transform

2.1 Relation to classical Fourier transform
Classical Fourier transform uses eigenfunctions of the 1D Laplace operator —V?2:
(—V2) ejwz _ w2ej°”.

Thus sinusoids are eigenfunctions of the operator.
On graphs, replace the Laplace operator with graph Laplacian:

Lxe = Aexe

2.2 Graph Fourier transform (GFT)
Given graph signal f € RY, its GFT coefficients are:

f0) =xe, /)=x/ I

This is a projection of f onto eigenvector xg.

2.3 Inverse GFT

Because eigenvectors form an orthonormal basis:

[

N—

@) =" fOxe(),  f=XFf.

£=0



2.4 Interpretation

- Ao = 0 corresponds to the constant eigenvector — lowest frequency. - Larger Ay correspond to eigenvectors
with more oscillations — higher frequencies. Thus GFT decomposes f into low/high-frequency variations
on the graph.
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e The Laplacian L admits the following eigendecomposition: Ly, = Agxe

graph Laplacian: L

i

elgenvectors

‘f vV RN
N
Graph FT: f():<X£’f>:ZZ(i)(i)

one-dimensional Laplace operator: —V?2

4

eigenfunctions: e7%*

4

Classical FT:  f(w) = / eI f (z)dx

0 N-1 R =
f@) = 5 [ Fwperea £6) = Y FOxeli)
£=0
3 Graph Spectral Filtering
3.1 Filtering in the spectral domain
Graph spectral filtering %g Eizans [
R N N-1 R
GFT: f(6) = (xe, /) = D_xi(f (@) F() =) f(Oxe(d)
=1 £=0

GFT

A graph filter g is defined by its action on GFT coefficients:

FO) = g f(0).



3.2 Spectral filtering process
f=f=xT7,

a spectral multiplication . A
f () SRR, 5 F(0),

GFT
s

IGFT fout = X G(M)XTf.

3.3 Filtering as a function of Laplacian

Since
L=XAXT,

we define the operator
g(L) = XgA)XT.

Thus spectral filtering becomes the linear operator:
fout = g(L) f

3.4 Polynomial filters

Often §(\) is chosen as a polynomial:
K
Go(N) =D _0;N.
j=0
Then

K
go(L) =Y 0;L7.
j=0

Advantage: no need to compute eigenvectors. Computation depends only on multiplication by L.

Graph spectral filtering jb‘ i
~ N N-1 R
GFT: f(&) = (xe, /) = D_xi(F (@) fO) =Y f(Oxe(d)
=1 £=0

GFT IGFT

fo| m T = | gA)xTf| = | xg(A)xTf

§(Xo) 0 ] g(L): function of L!

200
125
150 08 1.00

125 015

200 '
L0 175 175 e
05 s {
125 ]\ 3
s 1 / ﬁ I \ \ 100 e
o7s 075 04 & i
“10 P !
=Nl | = .
RS AR k
oo
IR ]

5 00 - M -0.50
0 2 4 6 8 10 12 1 00 02 04 06 08

050

025

0.00

-025




4 Convolution on Graphs

4.1 L* and k-hop neighborhoods

ilﬂ DEPARTMENT OF

Powers of graph Laplacian |/ Htething

OXFORD

L¥ defines the k-neighborhood

Lo L L2 L3 L4
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
07 Ofn

53" 53
10 104

15 . 15

20 20

|L%6g| >0 |L66| >0 |L266| >0 |L366] >0 |L%66| >0
® 00 00 r ? — A
e o000 +
® 00 00 o
® 00 00 °
® 00 00 ;
1IW°||o = 0 edges |IW?||o = 40 edges ||W2||o = 62 edges 1IW3||o = 108 edges 1IW?||o = 122 edges

Localization: dg(v;, v;) > K implies (LX); =0 (source: M. Deferrard)

Observe:

- L = D — W contains information of 1-hop connections. - Multiplying L f mixes information from 1-hop
neighbors. - L?f mixes information from 2-hop neighbors, etc.

Formally, for adjacency matrix A = W:

(Ak)ij >0 <= there exists a length-k walk between 7 and j.

Thus:

- L°f = f (0-hop) - Lf aggregates 1-hop neighbor differences - L?f aggregates 2-hop information - L* f
spreads information over k-hop neighborhoods

This yields a notion of graph convolution: polynomial in L.

5 Simplified Parametric Filter and GCN

5.1 General first-order spectral filter

Take a first-order polynomial:

Jo(\) =0 + 01\
Then

go(L) =00l + 01 L.

5.2 Using normalized Laplacian

Normalized Laplacian:
Lyorm = I — D™Y2WwD=1/2,

Substitute into filter:

90(Lnorm) = 001 + 01(I — D=Y2W D=2y = (8y + 6,)I — 6, D~ /2WD~1/2,
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A simplified parametric filter —gggfgﬁﬁmnﬁ -

P
| normalised Laplacian

= a A T =0 L
frg=x9(M)x" f=a(L)f S

: =D }D-w)D}
=I-D WD % =1—Waorm |

simplified parametric filter K=1

K ] normalised Laplacian
9o(L) =Y 6;L7 ) - 0] - 6,(D WD)
j=0

(localisation within 1-hop neighbourhood)

K=1

a=0=-0,

mmm) =ol+D WD)
renormalisation

— = a(D~ WDz )
' renormalisation

\W=W+I D=D+I/

D

5.3 Kipf—Welling simplification

Impose constraint:
00 = —01 = Q.

Then
9o (Lnorm) = (I + D™Y2WD™1/2),

This is the key simplification enabling:
- locality (1-hop only), - numerical stability, - avoiding eigen-decomposition.

5.4 Resulting propagation rule
For node : 1
yi=afita) ——f;
~ \[did;
For unweighted graphs with constant degree d; = d = 4 (grid example):
a
Yi = afi + szj'

jrvi

5.5 GCN form

Add self-loops and re-normalize:

AZA-FI, Dii:ZAiJW
J

GCN layer becomes:
HO = o(D-12AD-2HOW0)

This is exactly the spatial message-passing form but derived from spectral filtering.



A simplified parametric filter %652&'{,‘5&”"5

frg=xa(MW)x"f=39(L)f

4

simplified parametric filter
9a(L) = a(I+ D"3WD~3)

1 1
vi=afi +aﬁ Z wijﬁfj

* ji(ig)€E

‘ unitary edge weights

1
yi:afi‘i‘ia Z fj

J:(i,5)€E




